Summary: This paper gives an asymptotic analysis of the mean-variance (Markowitz-type) portfolio selection under mild assumptions on the market behavior. Theoretical results show the rate of underperformance of the risk aware Markowitz-type portfolio strategy in growth rate compared to the log-optimal portfolio strategy, which does not have explicit risk control. Statements are given with and without full knowledge of the statistical properties of the underlying process generating the market, under the only assumption that the market is stationary and ergodic. The experiments show how the achieved wealth depends on the coefficient of absolute risk aversion measured on past NYSE data.
Introduction
The goal of the Markowitz's portfolio strategy is the optimization of the asset allocation in financial markets in order to achieve optimal trade-off between the return and the risk (variance). For the static model (one-period model), the classical solution of the meanvariance optimization problem was given by Markowitz [16] and Merton [17] . Compared to expected utility models, it offers an intuitive explanation for diversification. However, most of the mean-variance analysis handles only static models contrary to the expected utility models, whose literature is rich in multiperiod models.
In the multiperiod models (investment strategies) the investor is allowed to rebalance his portfolio at the beginning of each trading period. More precisely, investment strategies use information collected from the past of the market and determine a portfolio, that is, a way to distribute the current capital among the available assets. The goal of the investor is to maximize his utility in the long run. Under the assumption that the daily price relatives form a stationary and ergodic process the asymptotic growth rate of the wealth has a well-defined maximum which can be achieved in full knowledge of the distribution of the entire process, see Algoet and Cover [3] . This maximum can be achieved by the log-optimal strategy, which maximizes the conditional expectation of log-utility.
For an investor plausibly arises the following question: how much the loss in the average growth rate compared to the asymptotically best rate if a mean-variance portfolio optimization is followed in each trading period.
The first theoretical result connecting the expected utility and mean-variance analysis was shown by Tobin [19] , for quadratic utility function. Grauer [9] compared the logoptimal strategies and the mean-variance analysis in the one-period model for various specifications of the state return distributions and his experiments revealed that these two portfolios have almost the same performance when the returns come from the normal distribution. Kroll, Levy and Markowitz [15] conducted a similar study. Merton [17] developed a continuous time mean-variance analysis and showed that log-optimal portfolio is instantaneously mean-variance efficient when asset prices are log-normal. Hakansson and Ziemba [13] followed another method in defining a dynamic mean-variance setting, where the log-optimal portfolio can be chosen as a risky mutual fund. They considered a finite time horizon model and the asset price behavior was determined by a Wienerprocess.
In this paper, we follow a similar approach to [17] , however in discrete time setting for general stationary and ergodic processes.
To determine a Markowitz-type portfolio, knowledge of the infinite dimensional statistical characterization of the process is required. In contrast, for log-optimal portfolio setting universally consistent strategies are known, which can achieve growth rate achievable in the full knowledge of distributions, however without knowing these distributions. These strategies are universal with respect to the class of all stationary and ergodic processes as it was proved by Algoet [1] . Györfi and Schäfer [11] , Györfi, Lugosi, Udina [10] constructed a practical kernel based algorithm for the same problem.
We present a strategy achieving the same growth rate as the Markowitz-type strategy for the general class of stationary and ergodic processes, however without assuming the knowledge of the statistical characterization of the process. This strategy is risk averse in the sense that in each time period it carries out the mean-variance optimization.
We also present an experimental performance analysis for the data sets of New York Stock Exchange (NYSE) spanning a twenty-two-year period with thirty six stocks included, which set was presented in [10] .
The rest of the paper is organized as follows. In Section 2 the mathematical model is described. The investigated portfolio strategies are defined in Section 3. In the next section a lower bound on the performance of Markowitz-type strategy is shown. Section 5 presents the kernel-based Markowitz-type sequential investment strategy and its main consistency properties. Numerical results based on NYSE data set are shown in Section 6. The proofs are given in Section 7.
Setup, the market model
The model of stock market investigated in this paper is the one considered, among others, by Breiman [7] , Algoet and Cover [3] . Consider a market of d assets. A market vector
+ is a vector of d nonnegative numbers representing price relatives for a given trading period. That is, the j-th component x (j) ≥ 0 of x expresses the ratio of the opening prices of asset j. In other words, x (j) is the factor by which capital invested in the j-th asset grows during the trading period.
The investor is allowed to diversify his capital at the beginning of each trading period according to a portfolio vector b = (b (1) , . . . b (d) ). The j-th component b (j) of b denotes the proportion of the investor's capital invested in asset j. Throughout the paper we assume that the portfolio vector b has nonnegative components with
The fact that d j=1 b (j) = 1 means that the investment strategy is self financing and consumption of capital is excluded. The non-negativity of the components of b means that short selling and buying stocks on margin are not permitted. Let S 0 denote the investor's initial capital. Then at the end of the trading period the investor's wealth becomes
where · , · denotes inner product.
The evolution of the market in time is represented by a sequence of market vectors 
1 ) denotes the portfolio vector chosen by the investor on the i-th trading period, upon observing the past behavior of the market. We write b(
Starting with an initial wealth S 0 , after n trading periods, the investment strategy B achieves the wealth
where W n (B) denotes the average growth rate
Obviously, maximization of S n = S n (B) and maximization of W n (B) are equivalent. In this paper we assume that the market vectors are realizations of a random process, and describe a statistical model. Our view is completely nonparametric in that the only assumption we use is that the market is stationary and ergodic, allowing arbitrarily complex distributions. More precisely, assume that x 1 , x 2 , . . . are realizations of the random vectors X 1 , X 2 , . . . drawn from the vector-valued stationary and ergodic process {X n } ∞ −∞ . The sequential investment problem, under these conditions, has been considered by, e.g., Breiman [7] , Algoet and Cover [3] , Algoet [1, 2] , Györfi and Schäfer [11] , Györfi, Lugosi, Udina [10] .
3 The Markowitz-type and the log-optimal portfolio selection
The Markowitz-type portfolio selection
In his seminal paper Markowitz [16] used expected utility and the investigation was restricted to single period investment with i.i.d returns. In contrary we work with a multiperiod model (investment strategy) and we assume general stationary and ergodic model for the market returns. Consequently it is more adequate for us to use conditional expected utility. In the special case of i.i.d. returns it is simplified to the standard expected utility. For the sake of the distinction from the standard Markowitz approach we will call our utility function Markowitz-type utility function. Let the following formula define the conditional expected value of the Markowitztype utility function:
, where X n is the market vector for n-th day, b(X n−1 1 ) ∈ ∆ d and λ ∈ [0, ∞) is the constant coefficient of absolute risk aversion of the investor. The conditional expected value of the Markowitz-type utility function can be expressed after some algebra in following form:
Accordingly let the Markowitz-type utility function be defined as follows
Hence the Markowitz-type portfolio strategy be defined byB *
λ ) denote the capital achieved by Markowitz-type portfolio strategȳ B * λ , after n trading periods.
The log-optimal portfolio selection
Now we briefly introduce the log-optimal portfolio selection. The fundamental limits, first published in [3] , [1, 2] reveal that the so-called log-optimal portfolio B * = {b * (·)} is the best possible choice for the maximization of S n . More precisely, on trading period n let b * (·) be such that
If S * n = S n (B * ) denotes the capital achieved by a log-optimal portfolio strategy B * , after n trading periods, then for any other investment strategy B with capital S n = S n (B) and for any stationary and ergodic process
and lim
where
−∞ ) , X 0 is the maximal possible growth rate of any investment strategy. Thus, (almost surely) no investment strategy can have a higher growth rate than a log-optimal portfolio.
Connection of the Markowitz-type and the log-optimal portfolio: an intuitive argument
As the main tool we apply the semi-log function introduced by Györfi, Urbán and Vajda [12] . The semi-log function is the second order Taylor expansion of log z at z = 1
The semi log-optimal portfolio strategy isB * = {b * }, wherẽ
and finally for the variance
Hence we get
is the coefficient of risk aversion of the investor, which is here a function of conditional expected value. Note that parameter λ n dynamically changes in time, which means as if the Markowitz's investor would dynamically adjust his coefficient of absolute risk aversion to the past performance of the portfolio.
So far we sketched a basic relationship between the Markowitz-type and semi-log portfolio selection. The relationship between the log-optimal and semi-log optimal approach was examined in [12] . We present formal, rigorous analysis for the comparison of the investment strategies in the subsequent sections.
Comparison of Markowitz-type and log-optimal portfolio selection in case of known distribution
Naturally arises the question, how much we lose in the long run if we are risk averse investors compared to the log-optimal investment. The theorem in this section shows an upper bound on the loss in case of known distribution, if our hypothetical investor is risk averse with parameter λ. More precisely for an arbitrary λ we give the growth rate of the Markowitz-type strategy compared to the maximal possible growth rate (which is achieved by the log-optimal investment) in asymptotic sense.
The only assumptions, which we use in our analysis is that the market vectors
come from a stationary and ergodic process, for which
for all j = 1, . . . , d, where 0 < a < 1. 
Theorem 4.1 For any stationary and ergodic process
{X n } ∞ −∞ , for which (4.1) holds, for all λ ∈ 0, 1 2 W * ≥ lim inf n→∞ 1 n logS * n,λ ≥ W * + 2λa −1 1 − 2λ E min m E 1 + log(X (m) 0 ) − X (m) 0 X −1 −∞ − 2λ − 1 2 1 − 2λ E max m E (X (m) 0 − 1) 2 X −1 −∞ − min m E |X (m) 0 − 1| X −1 −∞ 2 − a −3 + 1 3(1 − 2λ) E max m E X (m) 0 − 1 3 X −1 −∞ a.s.
Nonparametric kernel-based Markowitz-type strategy
To determine a Markowitz-type portfolio, knowledge of the infinite dimensional statistical characterization of the process is required. In contrast, for log-optimal portfolio setting universally consistent strategies are known, which can achieve growth rate achievable in the full knowledge of distributions, however without knowing these distributions. Roughly speaking, an investment strategy B is called universally consistent with respect to a class of stationary and ergodic processes {X n } ∞ −∞ , if for each process in the class,
The surprising fact that there exists a strategy, universally consistent with respect to the class of all stationary and ergodic processes with E | log X (j) | < ∞ for all j = 1, . . . , d, was first proved by Algoet [1] and by Györfi and Schäfer [11] . Györfi, Lugosi, Udina [10] introduced kernel-based strategies, here we describe a "moving-window" version, corresponding to an uniform kernel function in order to keep the notations simple.
Define an infinite array of experts H (k,ℓ) = {h (k,ℓ) (·)}, where k, ℓ are positive integers. For fixed positive integers k, ℓ, choose the radius r k,ℓ > 0 such that for any fixed k, lim
Then, for n > k + 1, define the expert h (k,ℓ) as follows. Let J n be the locations of matches:
where · denotes the Euclidean norm. Put
if the product is non-void, and
These experts are mixed as follows: let {q k,ℓ } be a probability distribution over the set of all pairs (k, ℓ) of positive integers such that for all k, ℓ, q k,ℓ > 0. If S n (H (k,ℓ) ) is the capital accumulated by the elementary strategy H (k,ℓ) after n periods when starting with an initial capital S 0 = 1, then, after period n, the investor's capital becomes
Györfi, Lugosi and Udina [10] proved that the kernel-based portfolio scheme B is universally consistent with respect to the class of all ergodic processes such that E{| log X (j) |} < ∞, for j = 1, 2, . . . d. Equation (5.1) can be formulated in an equivalent form:
Next we introduce the kernel-based Markowitz-type expertsH
3)
The Markowitz-type kernel-based strategyB λ is the mixture of the experts {H 
Simulation
The theoretical results assume stationarity and ergodicity of the market. No test is known, which could decide whether a market satisfies these properties or not. Therefore the practical usefulness of these assumptions should be judged based on the numerical results the investment strategies lead to. We tested the investment strategies on a standard set of New York Stock Exchange data used by Cover [8] , Singer [18] , Hembold, Schapire, Singer, and Warmuth [14] , Blum and Kalai [4] , Borodin, El-Yaniv, and Gogan [5] , and others. The NYSE data set includes daily prices of 36 assets along a 22-year period (5651 trading days) ending in 1985.
We show the wealth achieved by the strategies by investing in the pairs of NYSE stocks used in Cover [8] : Iroqouis-Kin Ark, Com. Met.-Mei. Corp., Com. Met-Kin Ark and IBM-Coca-Cola. The results of the simulation are shown in the Table 6.1.
All the proposed strategies use an infinite array of experts. In practice we take a finite array of size K × L. In all cases select K = 5 and L = 10. We choose the uniform distribution {q k,ℓ } = 1/(KL) over the experts in use, and the radius
. Table 6 .1 shows the performance of the nonparametric kernel based Markowitz-type strategy for different values of parameter λ. Note that the Table 6 .1 contains a row with parameter λ = 0.5 which is not covered in the Theorem 5.1, however kernel-based Markowitz-type strategy can be used in this case too. The k and ℓ parameters of the best performing experts given in columns 2 − 5 are different: (2,10), (3, 10) , (2, 8) and (1, 1) respectively. The best performance of pairs of stocks was attained at different values of parameter λ (underlined in Table 6 .1). The average in Table 6 .1 means the performance of the nonparametric kernel based Markowitz-type strategies averaging through λ. Logoptimal and semi-log-optimal denote the performance of the best performing k and ℓ expert of the log-optimal investment and of the semi-log investment for the given pairs of stocks.
Note that the wealth is achieved by the Markowitz-type strategy with parameter value λ = 0 is not the best overall, although it does not consider the market risk of stocks which it invests in.
Note that the presence of the stock Kin Ark makes the wealth of these strategies explode as it was noted in [10] . This is interesting, since the overall growth of Kin Ark in the reported period is quite modest. The reason is that somehow the variations of the price relatives of this asset turn out to be well predictable by at least one expert and that suffices to produce this explosive growth. 
Proofs
The proof of Theorem 4.1 uses the following two auxiliary results and four other lemmas. The first is known as Breiman's generalized ergodic theorem. 
The next lemma is a slight modifications of the results due to Algoet and Cover [3, Theorems 3 and 4]. The modified statements are in Györfi, Urbán and Vajda [12] . 
where the right-hand side is constant asb * ranges overB 
Proof. Let us introduce notations
where n = 1, 2, . . . and
andw n is measurable with respect to X −1 −n+1 .
First we show that {w n } is a sub-martingale, that is, E w n+1 | X −1 −n+1 ≥w n . If a portfolio is X −1 −n+1 -measurable, then it is also X −1 −n -measurable, therefore we obtain
where in the last equation we applied formula (7.1). Thusw n is a submartingale and E|w n | + ≤ ∞, because of p ∈ C 0 a, 1 a . Then we can apply convergence theorem of submartingales and we conclude that there exists a random variablew ∞ such that
We apply Lemma 7.1 with f i (X) def =w i (X) parameter, then we get
. and E {sup i |f i (X)|} < ∞. The latter one follows from that p(·) is bounded. 
Proof. To show the relationship between the log-and the Markowitz-utility function we use the Taylor expansion of the logarithmic function
we obtain the statement of the lemma.
Lemma 7.5 Let X a random market vector satisfying (4.1). Then for any b
Proof. First we show
Let bound the terms in the maximum by Jensen's inequality,
and plug these bounds into (7.4) we obtain (7.3).
With similarly argument we obtain 
Proof. In the proof of Lemma 7.5 instead of equation (7.5) use the following
Corollary 7.7 (of Lemma 7.5) Let X be a random market vector satisfying (4.1). Then for any b
Proof. In the proof of Lemma 7.5 instead of considering cases
The proof of the two cases goes on the same way as in Lemma 7.5.
Lemma 7.8 Let {X n } ∞ −∞ be a stationary and ergodic process then
) is the log-optimal portfolio and b ∈ ∆ d is an arbitrary portfolio.
Proof. Let us bound from below the first term of the statement
where (7.6) follows from the Jensen inequality, (7.7) comes from the definition of b * and (7.8) because of e x ≥ 1 + x. Plug this into the left side of the statement we get
We are now ready to prove Theorem 4.1. For convenience in the proof of both theorems we use the notationsb instead ofb λ ,h (k,ℓ) instead ofh
,B instead ofB λ and S n instead ofS n,λ .
Proof of Theorem 4.1. The λ parameter is fixed. Use Lemma 7.4 with
) is the Markowitz-type portfolio, then we get
After rearranging the above inequalities, we get
Taking the arithmetic average on both sides of the inequality over trading periods 1, . . . , n, then
We derive simple bounds for the last three additive parts of the above inequality. First, because of λ < 1 2
for all value of λ. And finally, we use Corollary 7.6,
Consider the following decomposition
It can be shown thatȲ n → 0 a.s., since it is an average of bounded martingale differences. So lim inf
Similarly, consider the following decomposition
Again, it can be shown that Y n → 0 a.s. Therefore
Taking the limes inferior of both sides of (7.10) as n goes to infinity and applying equalities (7.11), (7.12), (7.13), (7.14), (7.15) and Lemma 7.3, we obtain
For the proof of Theorem 5.1 we need following two lemmas. The first is a simple modification of Theorem 1 in [10] .
Lemma 7.9
Under the conditions of Theorem 5.1, for any k, ℓ integers and for any fixed λ
is the Markowitz-type portfolio with respect to the limit distribution P * (k,ℓ)
Proof. Let the integers k, ℓ and the vector s = s
where I A denotes the indicator function of the set A. If the above set of X i 's is empty, then let P (k,ℓ) j,s = δ (1,...,1) be the probability measure concentrated on the vector (1, . . . , 1). Györfi, Lugosi, Udina [10] proved that for all s, with probability one,
weakly as j → ∞ where
denotes the distribution of the vector X 0 conditioned on the event
is the Markowitz-type portfolio with respect to the probability measure P (k,ℓ) j,s . Letb * k,ℓ (s) denote the Markowitz-type portfolio with respect to the limit distribution P * (k,ℓ) s . Then, using Lemma 7.2, we infer from (7.16) that, as j tends to infinity, we have the almost sure convergence
-almost all x 0 and hence for P X0 -almost all x 0 . Since s was arbitrary, we obtain lim
Next we apply Lemma 7.1 for the utility function by (7.17) . As n → ∞, Lemma 7.1 yields
as desired. It is easy to show from Lemma 7.9 and Lemma 7.1 that as n → ∞
from which the statement of the lemma follows with argument of contradiction. Because of Lemma 7.4, we can write
First, we calculate the limes of the first term, because of Lemma 7.9, we get −k ) denote a log-optimal portfolio with respect to the limit distribu-Györfi, Lugosi and Udina [10] proved that sup k,ℓ ǫ k,ℓ = W * , therefore, by (7.18) and (7.24) the proof of the theorem is finished.
